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Age distributions in physical systems
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Abstract. Recently Vlad er al introduced a new stochastic description of memory effects,
based on a system of age-dependent master equations (ADME). In this paper the ADME
approach is applied to physical processes obeying a phenomenological master equation.
The joint probabilities and the correlation functions of the ages of different fluctuation
states are computed. The suggested method is extended to systems for which the transition
rates are age dependent. A physical interpretation of the main results is given by means
of a system of age-dependent integral equations. We prove that the ADME formalism is a
generalisation of the well known continuous time random walk theory (CTRW).

1. Introduction

In statistical physics, the usual measure of the temporal development of fluctuations
is the so-called correlation time 7. (Kubo 1961). 7. is the time necessary for the
regression of a fluctuation state towards equilibrium.

Recently, Vlad et al (1984) and Vlad and Popa (1986, 1987) have introduced a new
notion, the age of a fluctuation state, a. a measures the time interval within which a
fluctuation state remains unchanged. Considering a system described in terms of S
variables X =(X,..., Xs), the age a of a state X can be viewed, together with
X,,...,Xs, as a random variable. In Vlad et al (1984) and Vlad and Popa (1986) a
system of age-dependent master equations (ADME) for the state probability ?(X, q, ¢)
is derived and its solution for certain cases is given.

In this paper we consider a related problem—the determination of multitemporal
joint probabilities P, (X,, a,, t,;...; Xy, ay, 1,)dX;...dX, da,...da,. The layout of
the paper is as follows. We first consider a physical problem that could motivate the
investigation and then examine the case of an arbitrary system obeying a phenomeno-
logical master equation. The next step is to consider the more general case of age-
dependent transition rates. As a final topic we compare our approach with the theory
of continuous time random walks (cTrRw, Montroll and Weiss 1965, Scher and Lax
1973, Weiss and Rubin 1983).

2, Formulation of the problem
As a simple physical example we consider the following model of an intrinsic semicon-
ductor (Van Kampen 1976). A crystal has a nearly empty conduction band and a

nearly full valence band. Denoting by N the number of electrons that by thermal
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fluctuations have been excited into the conduction band, the transition rate for an
excitation to occur can be expressed as (Van Kampen 1976):

W(N->N+1)=8V (1)

where V is the volume of the crystal and 8 is a constant. Similarly, the probability
for a recombination is given by

W(N->N-1)=Vy(N/ V). (2)
The constants B and y are related to each other through the relationship
Bly~e /" (3)

where ¢ is the energy gap between the two bands.
Making use of (1) and (2) we can derive a phenomenological master equation for
the state probability P(N, t):

3P(N, 1)=BV[P(N —-1)- P(N)]+yV{P(N+DI(N+1)/ VP - P(N)(N/V)}}. (4)

Applying the Van Kampen extensivity ansatz, i.e. assuming that the volume depen-
dence of N is given by

N=(n)V+ V" n=N/V=(n)+V V2% (5)
where (n)V and V'2x are the deterministic and fluctuating contributions to N, with
(n), x~V° (6)

the stationary solution of (4) can be expressed as (Van Kampen 1976)

sty2

P00 =g - ) "
where

(Ny*'=V(B/y)"* (8)

(AN =((N=(N*)))=3V(B/v)"%. 9)
A similar relationship can be derived for the temporal correlation function of N:

(AN(QAN(7))*=3V(B/ )" 727 (10)
Then, in this case the correlation time (Kubo 1961)

e = _ro LAN(L‘W”—“ T (11)

0 (AN7Y

is equal to

T.=1/2VBy. (12)

Introducing the age state-probability distribution #*(N, a) from (1) and (2) we
can derive the following ‘balance equations’:

PN, a+Aa)=P*(N,a)(1-BVAa- Vy(N/V)*Aa) a#0 (13)

x© o}

P*(N-1,a)BV da+J P (N+1,a)Vy[(N+1)/VPda (14)

0

P*(N,0+Aaq) =I

0



Age distributions in physical systems 3369

from which, making Aa - 0, we obtain the required age-dependent master equations

3.P%(N, a)+[BV+ Vy(N/ VY 1?*(N, a)=0 (15)
PN, 0) = J:C{QDS'(N -1,a)BV+ PN +1,a)yV[(N+1)/V}} da (16)
Integrating (15), making use of (16) and taking into account that
P*(N)= J': P*(N, a)da 17)
we come to
P*(N,a) = V(B+yN?/V)P*(N) exp[-aV(B+yN*/ V*)]. (18)

Obviously, the mean age and the dispersion of the age of a given fluctuation state
N are defined in terms of the conditional probability
P¥(N, a) _

R*(a|N) =TPUN) V(B+yN?/ V?) exp[-aV(B+yN*/V)] (19)

through the relationships
<a(N)>S‘=J aR*(a|N)da=V ' (B+yN*/ V)™ (20)

0

x>

(Aa*(N)y*= J (a—(a)")’R*(a|N)da=V(B+yN*/ V)™ (21)

0

In particular,
(@aNYHY'=1/28V. (22)

We see that the mean age of a fluctuation state decreases with the increase of the
system volume, while the correlation time is volume independent. This fact outlines
the different nature of the two averages. It is interesting to evaluate the ratio
r/{@a({NY*)". Considering that (N)*~10'*-10"° we obtain

TC/<a(<N>SI)>St=<N>Sl~1014-—1015. (23)

This is an expected result, since for macroscopical systems the mean age of a fluctuation
state is very small (Vlad and Popa 1986).

The next step of our analysis might be to determine the joint probabilities 25 (N,,,
Qp, by ..., Ny, ay, ty) da, ... da, and the corresponding moments. We are particularly
interested in the determination of the function

ex(ai(Ny, 1), a2(N,, 1)
=(Aa,(Ny, t))Aay(N,, )"

|

x(a,~(a,(N,, 1,))"") da, da, (24)

'[ R3(ay, t3; a;, 4Ny, 155 Ny, 1) (ay—(ax(Na, 1))

0

where

931(N2s a, t2; Nl, a, tl)

R3(ay, tr; a, 1{Ny, 153 Ny 1) =75 .
e Y ’ .”o @;t(NZaazstz;Nl,al,tl)dal da,

(25)
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The physical meaning of this function is straightforward: ¢, is a measure for the
correlation between the ages a,(N,, t;) and a,(N,, t,) of the states N;(¢,) and N,(t,).

The joint probabilities can be determined by means of a generalised ADME system.
The derivation and analysis of this system is the main purpose of the following sections.

3. Joint probabilities

In this section we answer the following question. Considering a Markovian system

described by a set of macrovariables X, ..., X, and supposing that the transition rates
WA= W(X > X")At W'At= W(X > X")At,... (26)
X=(X,...,X,) X'=(X{,...,X0),... (27)

are known, what is the probability

Q’NXm...dXNdal...daN=g’N(XN, an, tN;...;Xl,al,tl)dXI...dXNdal...daN
(28)

that the state vector has the value X, at time ¢,, ..., and the value X, at time t5 and
that the age of the state X, at time ¢, is a,,..., and that the age of the state Xy at
time ¢y is an?

The answer to this question may be given by generalising the system of age-dependent
master equations (ADME, Vlad et al 1984). The ApME system describes the time
evolution of the probability (X, a, t):

(8, +85)P1(Xy, ay, 1) = —Pi(X,, a, II)J‘ W(X,» X')dX’ (29)
X
P.(X,,0, ’1)=I J W(X'> X,)?(X',a’, t;) da’ dX’ (30)
x'Jo
with
Pi(X,, ay, to) = PUX,, ay). (31)

Introducing the probability

o

Pl(Xl,tl)'—'J 2,(X,, a;, t,) da, (32)

0

(29) and (30) lead to the well known phenomenological master equation (PME, Van
Kampen 1981, see also Vlad et al 1984, Vlad and Popa 1986):

8, Pi(X,, 1) = j

X

W(X'-> X)) P(X', t,) dX'— Pi(X,, tl)J‘ W(X,> X')dX’ (33)
, X

with

o

Pl(XlatO)zp(l)(Xl)=J‘ g’?(xnal)dal- (34)

0
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The integration of the ADME system is straightforward, provided that the solution
P,(X,, 1,) of the phenomenological master equation is known. Indeed, integrating the
equation (29) and making use of (30)-(32) yields

P(X,,a, ) =h(t,—to—ay) exp(—alﬂ(xl))J' W(X' > X,)P(X', t,—a) dX
X

+h{a,—t,+1t,) exp[—(t; — t)QUX)IPUX,, a;— 1+ 1) (35)

where

9(X1)=J / W(X,-»X')dX’ (36)

X

and h(t) is the usual Heaviside function.
To derive the equations which describe the temporal development of the joint
probabilities, we assume the validity of the following inequalities:

INZ N 2. Z L2, (37)
Taking (37) into account, we may write a chain of ‘balance equations’ for Py Poty. ..t
@n(xrn an +At, tn +At; Xn—ls an——l, tnvl; ceey Xl’ ala tl)

=P.AX,, an, by .. Xy, ay, tl)(l —J W(X,~ X") At dX’)
X

a,#0,n=1,2,...,N (38)
g)n(an O+At; tn +A’, Xnvls Anp-y, tn-l; s Xl’ a, tl)At

=L

For At~ 0, these equations become

(a(,, +aa,.)@n(Xn, a,, tn Seees Xh a,, tl)

4( W(X' > X)A1P (X', a',t,;...; X1, a, 1) dX da’

o

n=1,2,...,N. (39)

=-2.(X,,a,, t;...; X, ay, zl)J WX, X') dX' n=1,...,N

X’
(40)
@n(xn, a,, tn; ceey Xla a, tl)

oc

=J J' W(X'>X))?P (X' ,a',1,;...; X}, &, t,)dX" da’
X

"J0

Together with the initial conditions
Po(Xps ny ty =13 Xy, @y Loy s Xy @, 1)
=P Xpor, nogs tays -5 Xy a0, 1)8(X, - X, ) 8(a, —a,y)
n=2...,N (42)
P(X,, ay, = t) = PUAX,, a,)

(40) and (41) describe completely the time evolution of Py, ..., ?,. Introducing the
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conditional probabilities
(gn(xns ay, tn|Xn-11 Apn_y, tn—l; Xn—Zs a,_, tn—Z; ey X], a,, tl)
gn(xn, a,, tn I EERR Xh a, tl)

- n=2,...,N (43)
PoilXory @uoyy taayy .5 Xy, ay, 1)
(40) and (41) turn into a simpler form:
(Q(Xn)+ar,, +aa")(gn(xna a,, tn|Xn—1a A, tn‘l; ey Xh a, tl) =0 n= 2’ LA ] N
(44)

gn(Xn, 09 tn’Xn—l, a,_1, tn—l; ey Xl, a,, tl)

L,

J. W(XI*XN)@,,I(X', aly trIan—h a,_i, tn»]; cees Xla a, tl) dX’da’

0
n=2,...,N (45)

with
G.(X, @, =t | Xy, Gy tooys - Xy g, 1)

=8(X,—-X,_)é(a,~a,_,) n=2,...,N. (46)
From (44)-(46) we can see that
G X, ap, X,y oy XL a )

=9.(X, @n, 1] X 51, @iy £ami)

=independent of (X, ,, a,_3,t,_2,..., X1, a1, t;) (47)

an expected result, since the stochastic process considered is Markovian.
Using (47) and dropping the index n, equations (44)-(46) become

(QUX)+3,+3,)4(X, a,t—t"|X", a",0)=0 (48)
%X, 0,t—1t"X",a",0) =J. J‘ W(X' > X)4(X',d’,t—1t"|X", a",0)da’ dX’ (49)
X' 40
with
%X, a,0X", a",0)=8(X-X")6(a—a"). (50)

Integrating (48) and (50) with respect to a, eliminating the function %(a =0) from
(49) and introducing the probability

o<

G(X, t—1"X", a",0)= J‘ Y X, a,t—-t"X",a",0)da (51)

0
leads to a phenomenological master equation similar to (33):

3,G(X, t—t'|X", a", 0)

=J W(X'-»X)G(X',t—1t'X", a",0)dX’
X

—J W(X->X)G(X, t—t"X",a",0)dX’ (52)
X
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with

G(X,0|X",a",0)=8(X—-X"). (53)
From (52) and (53) we notice that

G(X, t—t"|X", a",0)= G(X, t —t"| X", 0) = independent of a”. (54)

On the other side, comparing (33) and (34) with (52) and (53) we can see that
G(X, r—1"| X", 0) is the Green function corresponding to the equation (33), and the
solution P;(X, t) of (33) can be written as

P(X, 1)= L” G(X,1—1,| X", 0)P%(X") dX". (55)
Using the ‘Trucco variables’ ¢=t—a, n =a (Trucco 1965), (48) may be integrated
analytically, resulting in
%(X,a,1—1t"|X", a",0)
=h(t—-t"—a)¥9(X,0,t—1"—a|X", a",0) exp(—aQ}(X))
+h(a—t+1t")8(X~X")8(a—t+1t"—a")exp[—(t—1")UX)] (56)

Eliminating from (49) and (56) the functions %(X,0,1~t"—a|X", a",0) and making
use of (51) and (52) we obtain

%X, a,t—t"1X",a",0)
=h(t~t"—a)(G(X, t—t"—al X", 0)Q(X)
+4,G(X,t—t"—a|X",0)) exp(—aQd(X))
+h(a—t+1")8(X-X"8(a—1+1t"—a") exp[—(t —1"QX)]. (57)
Now combining (32), (43), (55) and (57) leads to
Prn(Xn, any Ny -0 X, ay, ty)

N
= H [(gq(an a4, tq - tq—lIXq—la Qg1 0)]9(X15 a, tl)

<
[§]

=z

{h{t,— 1,01 —a,) exp(—a,Q(X,))

q
X (Q(Xq)+atq)G(qu tq - tq—l - aqlxq—h 0)
+h(a, —t,+t,_,) exp[—(t, — 1,-1)(X,)]
X8(X,—X,-1)8(a,~t,+1,_,—a, )}

X(h(tl —to—a,) eXP(—aIQ(Xl))J dX" Pi(X")

x

x[(Q(X,)+3,)G(X,, t;,— t,— a;] X", 0)]
+h(a,—t,+ o) exp[— (1, — to)U X)) PUX,, ay— 1, + to)])

INZ I = .. =2, (58)

Thus, the determination of the joint probabilities Py, ..., P, reduces to the integration
of the phenomenological master equation (52).
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By removing the constraints (37) the equations (58) may be rewritten in a more

convenient form. For instance, in the case N =2, we have
PrAXz, ay, 12, Xy, a4, 1))

=h(t,— tl)<h(tl —to—a;) exp(—a,Q(X;))
XJ dX” PUX"[(QU(X)+3,)G(Xy, 1, —to—a,| X", 0)]
X

+ha,—t+ 1) PUX,, a,— t,+ 1) exp[—(t, - IO)Q(XI)]>

X {h(t,— t; — ay) exp(—a, (X)) (QUX>) +8,) Go(X;, 1, — 1, — a)) X, 0)
+h(a,—t,+ 1)) exp[— (1, — ,)Q2(X,)18(X, - X,)8(a, — t,+ t,~ a,)}

+h(t - tz)(h(tz ~1lo—ay) EXp(—azﬂ(Xz))J dX" PY(X")

X[(QUX;)+0,)G(X;, t,— to— a,| X", 0)]

+h(a,— L+ 1) PUX,, a,— 1+ 1) exp[— (1, — to)Q(Xz)])

x{h(t;—t:—ay) exP(_aln(Xl))(Q(Xl)+611)G(X1, th—t~a|X;,0)
+h(a,—t,+6) exp[—(t, - L)Q(X))]6(X, ~ X;)8(a, — t, + 1, - a,)}.

4. Correlation functions

The correlation functions

(58)

(aVaNi...at) =(a% (X, tn)a (X vy, tnoy) . @ (X, 1)) (59)

of the ages of fluctuation states Xn, X y_y, ..., X, are defined in terms of the conditional

probabilities
Ry(an, tnsan—ptnogs oo @, B[ XNy Iy Xvcn, I -0 X0, 1)

PN (XN, an, Iny Xnoy G v - Xy ay, 1)
Pn(Xny v Xvon In-ns -3 Xy 1)

as follows:
(@ (Xny tn) - al( Xy, 1))

© ©

k k

=J‘ ...J‘ aNN...a,‘
0 [¢]

XRy(an, Ins .. s ay, | XN, tns .. Xy, 1) da, .. day

where Py, N=1,..., are age-independent joint probabilities:

Py (Xy, IN;'“;XI,II):J J Pn(Xn,an, In; .. Xy, ay, 1)) day.

0 0

(60)

(61)

.da,. (62)
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For illustration, in the following we shall compute the bitemporal correlation functions
(a,a,) in the case of a stationary state. For steady states (58’) becomes

PY(X,, as, t2; Xy, ay, 1))
= h(8)PY(X)QX,) exp(—a; (X))

x [h(]6] = as) exp(—a,Q2(X,))(Q(X;) +86)) G(X,, |68] — a,| X, 0)

+h(a,—|6]) exp(-|6|QU(X,)) (X, - X,)8(a,— a, —[6])]

+h(—6) PY(X,)Q(X;) exp(—aQ( X))

x[h(|6] - a,) exp(—a, (X)) (QUX,) +3,,)G(X,, 0] - a,] X, 0)

+h(a,—|6]) exp(—|6|Q(X,))8(X, ~ X,)8(a, —a,~6])] (63)
where Pf is the stationary solution of the master equation (33) and

g=t,—1t,. (64)
Combining equations (60)-(63), after simple but lengthy manipulations we come to

(a,(X,, t)ax(X;, 1))

= h(t9)<2(ﬂ(X1))_2 exp(—|6]Q(X1))3(X, - X,)

16|

+(Q(X1))'1J

]

eI G(X,, 16— A X,0) dA)[c;(xl, 611Xz, 0)]"

+ h(—f))<2(9(z‘fz))‘2 exp(—[02(X;))8(X, - X>)

161

+(Q(Xz))"lj

0

RNV G(X,, 0] - ALXs, 0) da)[cm, 611X, 0)]""
(65)

5. A generalisation

The next step of our analysis is to extend the above results to systems with memory
for which the transition probabilities are age dependent:

WAt = W(X - X'; a)At WA= W(X-> X", a)At,.... (66)

In this case the evolution equations (29) and (30), and (44) and (45) become

(ar,+’3a1)g)1(xh a,, ) =-P(X, a,, f])J W(X,» X', a,) dX’ (67)
X

91(X1,0,t1)=J J W(X'> X,;a)P(X', a', 1)) dX' da’ (68)
X' JO
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and

(J W(Xn _)X" an) dX’+(9," +aan)(gn(xna ay, tn|Xn—l, An_ts tn—l; ey Xla a, tl) =O
X

n=2,...,N (69)
(gn(an O’ tn|Xn—1, an_y, tn—l; ey Xl, a, tl)

=J jx W(X'>X,; a)
X

"vo
X (gn(X’9 a,’ I,,|X,,_|, An-1, tn—]; . Xl’ a, tl) dX,da,
n=2,...,N. (70)

From (46), (69) and (70) it turns out that the relations (47) remain valid and then the
equations (69) and (70) may be written in a form similar to (48) and (49):

(3, +3.)9(X, a,t—t"|X", a",0)+ 4(X, a, t — t"| X", a", 0) J W(X->X'a)dX' =0
"

(71)

9(X,0,1-1"X",a",0) = '[

X’

J‘ W(X'>X;a)¥9(X', a’,t—t"X", a",0) dX’ da'.
0

(72)

Unfortunately, in this case, the determination of ?,(X,a,,t) and 94X, a’,t —
t"|X", a”,0) cannot be reduced to the integration of a phenomenological master
equation. However, by integrating (67) with the initial condition (31) we obtain

PUX,a, )=h(t, —th—a)Z(X,, t,—a)V(X,, a))

(X, a,)
+h(a,~t,+ 1) P} -t + b
(a—H+ ) PiUX,, a—t+ 1) V(X a— 1+ 1) (73)
where
Z(Xlst])z@l(xls 0, 11) (74)
and
W(Xl,a,)=exp<~J J WX, - X u)du dX’). (75)
u=0 '

Substituting (73) into (68) leads to a linear integral equation for Z(X, ¢):

I—lo
Z(X,1) =j J W(X'»>X;a'W(X',a)Z(X',t—a')da' dX’
a'=0JX'
* ¥(X',a')
+ WX'>X;a)y——""——P%X",a' - t+ "dX'.
J Lr XX g a— iy Koo ) dataX
(76)
By applying a similar approach equations (46), (71) and (72) give
49X, a,t—1'X", a",0)
=%X,0,t—1t"—alX", a",0¥(X, a)h(t-t,—a)
V(X
Fhla—t+1) %) ok a)s(X - X7) (77)

V(X, a”)
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where the function 4(X, 0, t—t"|X", a”, 0) is the solution of the integral equation

%(X,0,t—t"1X",a",0)

gt

+W(X">X;a"+t—-1")

=t
J W(X'-> X, aYV(X',a)¥4(X',0,t—t"—d'|X", a",0)da’ dX’
(4]

\I,(XH, a!(+ t — t”)
\I’(XH’ a!/)
Examining equations (76) and (78) we notice that 4(X, 0, t — 1| X,, ao, 0) is the Green

function attached to the integral equation (76). Thus

(78)

Z(X t)= J J 9(X,0, 1t Xy, a, 0)?°(X,, a,) dX, da,. (79)
Xo v ap=0
From (43), (47), (73), (77) and (79) we can express the joint probabilities
Py, Ps, ..., Pn in terms of 4(X, 0, 1 — 15| X,, ay, 0):
Pn(Xnsan, tns 3 X0, ay, )

= <h(t1 —ty—a,)¥P(X,, a1)J. J 9(X,,0,1,— 1o~ a1|X”’ a",0)
x" 0

x PUAX", a"y dX" da"+ h,(a,~ t, +1,)

¥(X,,a,)
V(X a,—t+ 1)

PUX, a— 1+ to))
N
x 1 <h(tq —l1—ag)9(X,, 0, t,— 1, —a | X, -1, a,-,, 0¥ (X,, a,)
q=2

v(X,,a,)
+h(aq—tq+tq_,)5(aq—tq+tq_1—aq_,)5(Xq—Xqﬁl)#>

‘I}(Xq~ 1s aq—l)

INZINLZ L 22, (80)

6. Comparison with the cTrw theory

To outline the analogies between the ADME formalism and the theory of continuous
time random walks, we shall derive the equation for the state probability ?,(X,, a,, t,)
avoiding the use of the ADME system. To do this, we shall introduce the following
probabilities:

(i) the probability that the time between two successive transitions is between a
and a +da and that the state of the system after the transition is X’ provided that the
initial state is X:

pdX'da=p(X->X'";a)dX da (81)
J’ J p(X->X';a)dX'da=1 (82)
X' JO
(ii) the probability that a transition was made to X between times ¢, t +d¢:
(X, ) dt=P (X, a=0,t)dr=2Z(X, t) dt (83)
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(iii) the probability that in the age interval a,, a the system rests in the state X:
Y= 'Y(X, a’ aO) (84)

(iv) the probability that in the age interval a,, a the system rests in the state X and
that in the interval a, a+da a transition occurs to X"

IF'da=T(X a, ay, X') da. (84")

According to their definitions, these probabilities fulfil the following relationships:

‘Y(X’ a, aO)y(X9 o, 0) = ‘Y(X, q, 0) (85)

v(X, a,0)=1—J J‘ p(X->X',a')ydX'da’ (86)
X' Ja'=0

p(X—>X', a)=r(X’ a, GO,X’)‘Y(X, aOaO)' (87)

Observing that y(X, a, 0) obeys the balance equations
p(X~>X'5a)=v(X, a,0) W(X~>X'a) (88)

v(X,a+Aa, 0)=y(X, q, 0)(1 —J

X

W(X > X'; a)Aa dX) v(X,0,0)=1 (89)

and making use of (85)-(87) we can express the functions p(X » X'; a) and y(X, g, 0)
in terms of the transition rates W(X - X', a). Indeed, from (85)-(87), and (88) and
(89) we come to

3.¥(X, a,0)=-y(X, a, O)J W(X~>X';a)dX’ ¥(X,0,0)=1 (90)
.

Ja W(X > X'; p,)dX’dp.)=\I'(X,a) (91)

0

v(X, a,0)= eXP(—J

X’

pX->X"a)=W(X-X, a)exp(—J

X'

Ja W(X—>X’;p,)dX’d,u.). (92)

0

Making use of the initial condition (31), the probability ?,(X, a, t) may be expressed
as

ﬂl(X,t'a)Y(X, aaO) I—-t,=a

PUX, a—t+1)y(X, a,a—t+1,) t—th<a (93)

@l(X, as t) = {
corresponding to the following two possibilities:

(a) a transition occurred to the state X at a moment t—a<t and no further
transitions took place;

(b) the system remains in its initial state X,

By applying a similar approach, we come to the following balance equation for
the function n,(X, t)= 2,(X, 0, t):

l—lo
(X, 1) =J‘ j (X', t—a)p(X'>X; a') da’ dX’
X JO

+J I PUX',a' =1+ 1)[(X', a', @' = t+1,, X) da’ dX". (94)
X' Jdt—1g
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Taking into account (85)-(87), and (91) and (92), from (93) and (94) we come to
(73) and (76), respectively. Thus we recover the main results of the ADME theory. The
above method would be applied to derive the evolution equations for the joint prob-
abilities ((78)-(80)) as well. The detailed calculation is tedious and is left to the reader,
as an exercise.

Using (85)-(87), the evolution equations (93) and (94) may be written in an
alternative form:

a

P(X, a, t)=n/(X, t—a)(l —J' J
X

a'=0

p(X~>X';a")dX’ da’)h(l— to—a)

1-fxfaop(X>X';a')da dX’
1-{y J2 o p(X > X'; a') da’ dX'

a'=0

+

PUX, a—t+ 1t h(a—t+1)  (95)

0

[N
J nl(X’,t—a’)p(X'»X;a’)da’dX’-i—J J p(X'»X;a’)
X Jit

a'—1+1, -1
x(l—J‘ J p(X'> X", a") dX”da") PUX',a' ~t+1y) da'dX’
X" Ja=0
(96)
from which we may derive the following equation for the age-independent state

probability:

P(X, t)=J 0da m(X, t—a)(l —J J p(X->X';a)dX’ da’>
X

0 a'=0

© 1., :'_—_ X X", "Yda'dX'
+J' [xJa-op(X> X', a') da PUAX, a—-t+1,) da (97)

- 1= fx Jo 5 p(X > X', a’) da’ dX’
Examining (96) and (97) we see that the ADME theory is a generalisation of the

theory of continuous time random walks (Gartner 1986). Indeed, if the state variables
X are discrete and

p(X>X,a)=p(X'-X;a) (98)

P1(X, a, 1 = 1o) = 8xop(a) J e(a)da=1 (99)

0
the apmE formalism reduces to cTrRw. To prove this assertion we shall write the
unitemporal evolution equations (96) and (97) in the form

r—t

Py(X, t)=08x¥, (t— t0)+J’ ’ m(X, t—a)¥(1—a)da (100)

0
and

t—t,

niX, t)=p(X; 1t - to)+; J (X', t—a)p(X-X'; a) da (101)

0

where

«If(a)=ZJ p(X';a’)da’ (102)

X Ja'=
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and
T gty Y@
‘1’1(1*'0)—‘]’,_'040(0 t+t°)\P(a—t+t0) (103)
APUERNI NP 0. ST I
nixX;t ’0)-J‘1_'0<P(a H-tO)‘I’(a—H-to) a. (104)

Equations (100) and (101) are identical with the basic equations of the cTRw theory,
as written by Weiss and Rubin (1983). However, the ADME formalism is more general
than the ¢TRw, since by means of (78) and (80) we can compute the expressions for
the multitemporal joint probabilities P,, n=2,3,...,0r ?,,n=2,3,.... Asfaras we
know, no such computation has been performed within the framework of cTrw.

7. Conclusions

We have considered Markovian systems described by a phenomenological master
equation (pME, Van Kampen 1981). We have determined the joint probabilities of the
ages of different fluctuation states in terms of the Green functions attached to the
phenomenological master equation. Our approach may be applied to physicochemical
processes described by a PME such as chemical fluctuations, semiconductor noise, etc.
The work on chemical fluctuations is in progress and will be presented in another paper.

We have extended the method to the case of age dependent transition rates. In
this case the theory may be formulated by means of a linear integral equation and the
behaviour of the random variable X is generally non-Markovian. However, even if
the transition rates are age dependent the time evolution of the random vector (X, a)
is Markovian (see (69) and (70)). This approach may be viewed as a generalisation
of the well known continuous time random walk theory and would be applied to
describe the memory effects.
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